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We propose a quantum cloning machine, which clones a qubit into two clones assuming known
modulus of expectation value of Pauli σz-matrix. The process is referred to as the mirror phase-
covariant cloning, for which the input state is a priori less known than that for the standard
phase-covariant cloning. Analytical expressions describing the cloning transformation and fidelity
of the clones are found. Extremal equations for the optimal cloning are derived and analytically
solved by generalizing a method of Fiura´sˇek [Phys. Rev. A 64, 062310 (2001)]. Quantum circuits
implementing the optimal cloning transformation and their physical realization in a quantum-dot
system are described.
PACS numbers: 03.67.-a, 05.30.-d, 42.50.Dv, 73.21.La
Introduction
One of the fundamental no-go theorems in quantum
mechanics is the no-cloning theorem [1], which states
that unknown quantum states cannot be perfectly copied.
In other words, no quantum mechanical evolution ex-
ists which would transform a quantum state according
to |φ〉 → |φ〉|φ〉 for an unknown state |φ〉. This theorem
is a consequence of the linearity of quantum mechanics,
and it has tremendous technological implications; e.g., it
is at the basis of the security of quantum communica-
tion protocols including quantum key distribution. Al-
though exact cloning is impossible, pretty good approx-
imate cloning is possible as shown for the first time by
Buzˇek and Hillery [2]. They designed a cloning machine,
referred to as the 1 → 2 universal cloner (UC), which
produces two approximate copies from an unknown pure
qubit state. The UC is a state-independent symmetric
cloner in the sense that all qubit states are cloned with
the same fidelity F = 5/6 and fidelities of the clones to
the initial pure state is the same F1 = F2. The concept
of cloning has attracted considerable interest, and it has
been later shown that for the 1 → M UC, the relation
between the optimum fidelity F of each copy and the
number M of copies is given by F = (2M + 1)/(3M)
[3]. Setting M → ∞ corresponds to a classical cloning
machine with F = 2/3, which is the best fidelity that
one can achieve with only classical operations. More-
over, the concept has been extended to include cloning
of qudits, cloning of continuous-variable systems or state-
dependent cloning (nonuniversal cloning), which can pro-
duce clones of a specific set of qubits with much higher
fidelity than the rest [4, 5, 6, 7, 8, 9, 10, 11, 12] (for re-
views see [13]). This paper is devoted to the latter topic.
Suppose we want to clone a qubit, which is in a pure
state
|ψ〉 = cos ϑ
2
|0〉+ eiφ sin ϑ
2
|1〉 (1)
parametrized by polar ϑ and azimuthal φ angles on the
Bloch sphere. By considering only the 1→ 2 cloning, the
joint density matrix of both clones can be given by [7, 8]:
ρout = Tr in
(
χρTin ⊗ 1 out
)
, (2)
where χ is a trace-preserving completely positive (TPCP)
map describing the cloning operation in the tensor prod-
uct of the input (Hin) and output (Hout) Hilbert spaces.
Moreover, Tr in stands for partial trace over Hin, ρin =
|ψ〉〈ψ|, T denotes transposition, and 1 out is the identity
operator in Hout. The quality of the cloning can be de-
scribed by the single-clone fidelity
Fj(ϑ, φ) = 〈ψ|ρj |ψ〉, (3)
where ρj = Tr j⊕1 (ρout) is the reduced density matrix
of the jth clone (j = 1, 2). As shown in [7], the map χ
can be found by using an optimization procedure which
maximizes the fidelity of the clones. In order to find a
map χ, which makes clones of pure state qubits of the
best possible quality using a partial knowledge about the
states, one needs to maximize the average single-copy
fidelity
F =
1
2
∫ 2pi
0
dφ
∫ pi
0
dϑ g(ϑ, φ)[F1(ϑ, φ) + F2(ϑ, φ)], (4)
which is an average over all possible input qubits defined
by the distribution function g(ϑ, φ).
The study of state-dependent cloning machines is im-
portant as it is often the case that we have some a priori
information on the quantum state but we do not known
it exactly. Using the available a priori information, we
can then design a cloning machine which performs bet-
ter cloning than the UC for some specific set of qubits.
For example, if it is known that the qubit is chosen from
the equator of the Bloch sphere, then we know that φ
can be arbitrary while ϑ = π/2. For such a case, the
so-called phase-covariant cloners (PCCs) have been de-
signed [6, 9], and they have been shown to be optimal
providing a higher fidelity than the UC. Fiura´sˇek [7, 8]
studied the PCCs with known ϑ = θ from the full range
[0, π] and provided two optimal symmetric cloners; one
for the states in the lower and the other for those in the
upper hemisphere of the Bloch sphere.
In this paper, we assume less a priori information and
construct an optimal 1 → 2 symmetric cloner using the
approach developed by Fiura´sˇek [7, 8]. Contrary to the
works of Fiura´sˇek, where the cloners are designed for
known fixed value of θ, that is fixed σz component, we
provide an optimal cloner for the qubits with known sin θ
(or, equivalently, |〈σz〉|). Thus, our cloner prepares two
symmetric clones for any qubit with ϑ = θ or π − θ.
I. OPTIMAL CLONING AND PARTIAL
KNOWLEDGE ABOUT INITIAL STATE
Suppose that we are given a qubit prepared in a pure
state |ψ〉, given by Eq. (1), together with the expec-
tation value of the observable σz, that is φ is arbitrary
but ϑ is equal either to θ or to π − θ. Our task is to
find a 1 → 2 cloning machine which prepares optimal
approximate clones of the input qubit. The input qubits
of interest are those lying along the intersection of two
cones, which have the cone angles θ and π − θ, shar-
ing the same apex with Bloch sphere as shown in Fig.
1. Thus, the qubits are from both the upper and lower
hemispheres of the Bloch sphere. We can consider the
qubits from the lower hemisphere as the mirror images
of those from the upper hemisphere or vice versa. There-
fore, we suggest to call this cloning machine as the mirror
phase-covariant cloner (MPCC) and require that it satis-
fies the following conditions: (i) qubits in the upper and
lower hemisphere are cloned with the same maximal fi-
delity, F (θ) = F (π− θ), and (ii) the sum of the fidelities
of the two clones is the maximum attainable fidelity.
To derive the transformation we maximize the follow-
ing functional:
F = Tr (χR) , (5)
where χ is a positive map and R = 12 (rθ + rpi−θ) given
in terms of
rθ =
1
8


8c42 0 0 0 0 s
2
1 s
2
1 0
0 4c22 0 0 0 0 0 s
2
1
0 0 4c22 0 0 0 0 s
2
1
0 0 0 2s21 0 0 0 0
0 0 0 0 2s21 0 0 0
s21 0 0 0 0 4s
2
2 0 0
s21 0 0 0 0 0 4s
2
2 0
0 s21 s
2
1 0 0 0 0 8s
4
2


, (6)
where si = sin(θ/i) and ci = cos(θ/i) for i = 1, 2. The
derivation of Eq. (5) is based on the method described in
Ref. [8]. For the MPCC, g distribution occurring in (4)
is given by
gθ(ϑ, φ) =
1
4π
[δ(ϑ− θ) + δ(ϑ+ θ − π)], (7)
FIG. 1: (Color online) The intersection of two cones and a
Bloch sphere provides the set of qubits that we want to clone
in an optimal way. Here, X,Y, Z denote Pauli operators.
in terms of Dirac’s δ function. Moreover, subscript θ was
added to indicate a priori knowledge about the input
state. Note that gθ(ϑ, φ) is equal to
1
4pi sinϑ for the UC
and to 12pi δ(ϑ− θ) for the PCC. By defining a φ-averaged
fidelity for each of the clones (i = 1, 2)
Fi(θ) =
1
2π
∫ 2pi
0
Fi(θ, φ)dφ, (8)
one can rewrite Eq. (4) assuming Eq. (7) as
F (θ) =
1
4
[F1(θ) + F2(θ) + F1(π − θ) + F2(π − θ)], (9)
and this quantity is to be maximized. By contrast,
F (θ) = 12 [F1(θ) + F2(θ)] was applied in the maximiza-
tion procedure for the PCC. Using the method given in
Eq. [7] we derive map χ in the following form:
χ(θ) =


A 0 0 0 0 C C 0
0 B B 0 0 0 0 C
0 B B 0 0 0 0 C
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
C 0 0 0 0 B B 0
C 0 0 0 0 B B 0
0 C C 0 0 0 0 A


, (10)
where A,B, and C are θ dependent. Moreover, B =
(1−A)/2 as required by trace preservation of the trans-
formation, and C =
√
AB as will be shown analytically
in the following.
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II. ANALYTICAL RESULTS
Using the Kraus decomposition with χ, as described in
[7], we find that one of the possible unitary implementa-
tions of the TPCP map can be written as
|0〉|0〉anc → A|00〉|0〉anc +
√
2C|ψ+〉|1〉anc√
A2 + 2C2
,
|1〉|0〉anc → A|11〉|1〉anc +
√
2C|ψ+〉|0〉anc√
A2 + 2C2
, (11)
where |ψ+〉 = 1√2 (|01〉+ |10〉). This result is confirmed
by our numerical analysis.
Fidelity of the clones can be derived by making use of
the unitary transformation (11) and the explicit form of
|ψ〉 given by Eq. (1). After performing the calculations
we derive
F =
1 + Λ2
2
− 1
2
sin2 θ
(
Λ2 − Λ
√
2− 2Λ2
)
(12)
where Λ ≡ A/√A2 + 2C2. For the transformation to
maximize fidelity, i.e., for all θ ∈ [0, π] we impose
∂F
∂Λ
= 0 (13)
from which we get four expressions for Λ (i, j = 0, 1):
Λi+2j = (−1)i
√
1
2
+ (−1)j cos
2 θ
2
√
P
, (14)
where P ≡ P (θ) = 2 − 4 cos2 θ + 3 cos4 θ reaches
the extremum values Pmin = P
[
acos(
√
6/3)
]
=
P
[
π − acos(√6/3)] = 2/3 and Pmax = P (π/2) = 2.
Only one of the solutions provides fidelity, which is as
high as the one derived numerically. Therefore, Λ is given
by
Λ ≡ Λ0. (15)
and then
A = Λ2, B =
1
2
Λ¯2, C =
1√
2
ΛΛ¯, (16)
where Λ¯ =
√
1− Λ2. Now the unitary transformation
can be written as
|0〉|0〉anc → Λ|00〉|0〉anc + Λ¯|ψ+〉|1〉anc,
|1〉|0〉anc → Λ|11〉|1〉anc + Λ¯|ψ+〉|0〉anc (17)
leading to the following reduced density matrices of the
clones
ρ1 = ρ2 =
[
1
2 (1 + Λ
2 cos θ), 1√
2
e−iφΛΛ¯ sin θ
1√
2
eiφΛΛ¯ sin θ, 12 (1− Λ2 cos θ)
]
. (18)
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FIG. 2: Comparison of the θ dependence of fidelities for the
three optimal cloning machines: the MPCC (solid), the PCC
(dashed), and the UC (dotted curve).
Thus, fidelity of the clones, F = F1 = F2, created by this
transformation can easily be calculated as
F =
1
2
(1 + Λ2 cos2 θ +
√
2ΛΛ¯ sin2 θ). (19)
In Fig. 2, this fidelity is depicted in comparison
to fidelities for the optimal PCC and UC. As seen
in Fig. 2, F (θ) has two minima F
(
acos(
√
3/3)
)
=
F
(
π − acos(√3/3)) = 5/6 and a local maximum
F (π/2) = 1/2+
√
2/4. The eigenstates of Pauli σz matrix
are cloned with the highest fidelity F (0) = F (π) = 1.
For better visualization of the cloned states generated
by the optimal MPCC we depicted their Bloch repre-
sentation in Fig. 3 in comparison to the corresponding
representations for the other optimal cloning machines.
Specifically, the Bloch vector ~r = (〈σx〉, 〈σy〉, 〈σz〉) of
each clone is found to be
~r = [
√
2ΛΛ¯ cosφ sin θ,
√
2ΛΛ¯ sinφ sin θ,Λ2 cos θ], (20)
which is in contrast to ~r = 23 [cosφ sin θ, sinφ sin θ, cos θ]
for the UC and to the Bloch vector
~r =
[
1√
2
cosφ sin θ,
1√
2
sinφ sin θ,
1
2
(sθ + cos θ)
]
(21)
for the optimal PCC, where sθ = sgn(π − 2θ). Actually,
sθ for θ = π/2 can take any value in [−1, 1]. This is be-
cause for θ = π/2 any linear combination of the optimal
PCC transformations for south hemisphere (|00〉 → |00〉,
|10〉 → |ψ+〉) and north hemisphere (|00〉 → |ψ+〉,
|10〉 → |11〉) is also optimal [7].
III. OPTIMALITY PROOF FOR THE MPCC
Let λ = Tr out(Rχ) be the matrix of Lagrange multi-
pliers, then
λ =
1
4
[(1 + c21)A+ 2B + 2s
2
1C] 1 in. (22)
3
−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1
−0.8
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
0.8
1
〈 σ
x
 〉
〈 σ
z 
〉
FIG. 3: Cross sections of Bloch representation for the optimal
cloners: the MPCC (thick solid), the PCC (thin solid), the
UC (dashed), and unphysical perfect cloner (dotted curve).
To prove that the derived χ is the optimal TPCP map
one should show that (i) ∆ = λ ⊗ 1 out − R is a positive
semidefinite matrix, and (ii) Tr λ saturates the fidelity
bound, i.e., F ≤ Tr λ [8]. From a technical point of view,
it is more convenient to prove condition (ii) first.
Using Eqs. (12), (16), and (22) we derive
Tr λ− F = 1
2
(1 + c21)A+B + s
2
1C
−1 + Λ
2
2
+
1
2
s21Λ(Λ− Λ¯
√
2)
=
Λ2
4
[
(1 + c1)
2
+ (1− c1)2 − 2c21 − 2
]
= 0. (23)
This implies that the Eq. (19) can be rewritten as
λ =
F
2
1 in. (24)
The eigenvalues of ∆ can be written in terms of fidelity
and R matrix elements as follows:
δ1 =
1
2
(
F − 1
2
)
,
δ2 =
1
2
(
F − s
2
1
2
)
,
δ3,4 =
1
2
(
F −R11 −R22 ± R¯
)
, (25)
where R¯2 = (R11−R22)2+8R216. All the eigenvalues are
double degenerate. Moreover, the following equation is
satisfied:
F = R11 +R22 + R¯. (26)
Therefore, δ3 = F−(3−s21)/4 and δ4 = 0. Since F > 3/4
we see that ∀iδi ≥ 0, and hence ∆ is positive semidefinite.
This statement completes the proof.
10 ba +
0
0
θγ
H
FIG. 4: A quantum circuit which implements the optimal
MPCC. From left to right: rotation Ry(γ) about y-axis, con-
trolled Hadamard gate UCH, and three CNOT gates.
IV. IMPLEMENTATIONS OF THE OPTIMAL
MPCC
We propose two quantum circuits, shown in Figs. 4
and 5, which implement the optimal MPCC by trans-
forming the input state |ψin〉 = a|000〉+ b|100〉 into
|ψout〉 = a(Λ|000〉+ Λ¯|ψ+〉|1〉) + b(Λ|111〉+ Λ¯|ψ+〉|0〉).
(27)
The quantum circuit depicted in Fig. 4 performs the
following transformation:
|ψout〉 = U (32)CNOTU (21)CNOTU (13)CNOTU (32)CH R(3)y (γθ)|ψin〉, (28)
where the superscripts indicate qubits for which the cor-
responding gate is applied. The basic element of the
circuit is the rotation
Ry(γθ) =
[
cos(γθ/2) − sin(γθ/2)
sin(γθ/2) cos(γθ/2)
]
, (29)
about y axis for angle γθ = 2 arccosΛ(θ). In addi-
tion, this circuit is composed of controlled NOT (CNOT)
gates, UCNOT, and controlled Hadamard gate, UCH,
which can be decomposed as U
(32)
CH = A
(2)U
(32)
CNOTA
(2),
where
A =
1√
4 + 2
√
2
[
1 1 +
√
2
1 +
√
2 −1
]
. (30)
The basic idea behind the second quantum circuit,
shown in Fig. 5, is different. The circuit acts as
follows. The two CNOT gates in Fig. 5 imple-
ment the standard repetition code, which, together with
the NOT gate applied to third qubit, lead to |ψ1〉 =
σ
(3)
x U
(13)
CNOTU
(12)
CNOT|ψin〉 = a|001〉+ b|110〉. In our imple-
mentation, the basic gate U(t) gate corresponds to the
evolution operator exp(−iHt) of a system described by
the interaction Hamiltonian
H =
h¯κ
2
3∑
n6=m=1
σ
(n)
+ σ
(m)
− + σ
(n)
− σ
(m)
+ , (31)
where κ is an effective coupling constant and σ
(n)
± =
σ
(n)
x ±iσ(n)y are, respectively, the spin raising and lowering
4
spin operators acting on the nth qubit. We refer to the
system, described by Eq. (31), as the equivalent-neighbor
model [14]. General solution of the Schro¨dinger equation
for Hamiltonian (31) is known assuming any number of
qubits and arbitrary initial conditions (see, e.g., [14]). In
our special case of three qubits, one has
U(t)|001〉 = C310 (t)|001〉+ C311 (t)(|010〉+ |100〉),
U(t)|110〉 = C320 (t)|110〉+ C321 (t)(|011〉+ |101〉), (32)
where
C3M0 (t) =
1
3
(e−2iκt + 2eiκt),
C3M1 (t) =
2
3
sin
(
3
2
κt
)
e−(
i
2
)(pi+κt) (33)
for both ”excitation” numbers M = 1, 2. Note that
|C3M0 (t)|2 + 2|C3M1 (t)|2 = 1. Let us choose such that
evolution time t = tθ that Λ¯ =
√
2|C312 (t)| for a given θ.
Thus, after interaction time
tθ =
2
3κ
arcsin
(
3
2
√
2
Λ¯
)
, (34)
state |ψ1〉 is transformed into
|ψ2〉 = U(tθ)|ψ1〉 = eiϕ1
[
a(Λeiϕ/2|001〉+ Λ¯|ψ+〉|0〉)
+b(Λeiϕ/2|110〉+ Λ¯|ψ+〉|1〉)
]
,(35)
where ϕk = arg[C
31
k (tθ)] (k = 0, 1) and ϕ = 2(ϕ0 − ϕ1).
The global phase factor exp(iϕ1) is physically irrele-
vant and can be dropped. While the relative phase fac-
tor exp(iϕ/2) can be corrected by applying the double-
controlled rotation gates (see Fig. 5):
UCCR(ϕ) = I8 + f(−ϕ)|110〉〈110|+ f(ϕ)|111〉〈111|,
UccR(−ϕ) = I8 + f(ϕ)|000〉〈000|+ f(−ϕ)|001〉〈001|,
which generalize the standard Z-rotation gate R(ϕ) =
diag{[exp(−iϕ/2), exp(iϕ/2)]}. In the above equations,
f(ϕ) = exp(iϕ/2) − 1 and IN is the N × N iden-
tity matrix. So finally, it is seen that |ψout〉 ∼
σ
(3)
x UccR(−ϕ)UCCR(ϕ)|ψ2〉 is the desired cloned state,
given by Eq. (27).
The equivalent-neighbor model of three qubits can be
implemented in various ways. Here, we shortly discuss
a quantum-dot model proposed by Imamog¯lu et al. [15].
The model describes interaction of N quantum-dot spins
mediated by a single-mode cavity and laser fields. In
our case, three semiconductor quantum dots, each with
a localized single conduction-band electron, embedded
inside a microdisk structure and addressed selectively by
laser beams of frequency ω
(L)
n (n = 1, 2, 3) and intensity
|E(L)n |2 to induce strong coupling of the electron spins
to a single cavity mode of frequency ωcav. The energy
spectrum of each dot is represented by three states: |0〉n
and |1〉n representing the conduction-band electron spin
10 ba +
0
0
xσ xσ
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1ψ 2ψ
ϕ
FIG. 5: Another quantum circuit implementing the optimal
MPCC. The double-controlled gate with ϕ (−ϕ), in the text
denoted by UCCR (UccR), corresponds to conditional rotation
by a phase ±ϕ, where the conditions, marked by the filled
(empty) circles, are satisfied if both qubits 1 and 2 have the
bits in the 1 (0) states. The first two gates are the CNOT
gates, σx is the NOT gate, and the action of gate U(t) corre-
sponds to the evolution within time t = tθ of the equivalent-
neighbor system described by Hamiltonian (31).
states, while the effective state |v〉n describes all valence-
band levels of the nth dot. It can be shown [14, 15], by
applying the adiabatic elimination method of the valence-
band levels and the cavity field, that the system can be
described by the following effective interaction Hamilto-
nian:
Hˆeff =
h¯
2
∑
n6=m
κnm(t)
[
σˆ+n σˆ
−
me
i(∆n−∆m)t + h.c.
]
, (36)
where κnm(t) is the effective two-dot coupling strength
between the electron spins in the nth and mth dots being
a function of frequencies, detunings (see Fig. 1 in [14]),
intensities |E(L)n |2, and the dipole coupling strengths be-
tween the levels |0〉n and |1〉n, and |v〉n. The effec-
tive Hamiltonian apparently describes direct coupling be-
tween the spins of the nth and mth dots, but it should
be stressed that in the real microscopic picture the cou-
pling between the spins is only indirect via the cav-
ity and laser fields. To realize the equivalent-neighbor
model it is enough to ensure (i) the same detunings
∆n = const for all dots by adjusting the laser-field fre-
quencies ω
(L)
n and (ii) the same effective coupling con-
stants κnm(t) = const by choosing the proper laser in-
tensities, |E(L)n |2 and |E(L)m |2 for the adequate frequencies
ω
(L)
n and ω
(L)
m . Thus, Hamiltonian (36) reduces to Eq.
(31). We note that other implementations (see, e.g., [16])
of the equivalent-neighbor model of interacting quantum
dots can be applied here.
Imamog¯lu et al. [15] described how to perform the
conditional phase flip between mth and nth dots gates,
which combined with single-qubit rotations can be used
to implement the CNOT gates. Analogously, the CCR
gates can be realized in their model.
To implement of the UCCR and UccR gates, we re-
call the well-known theorem in quantum information
that any three-qubit controlled gates can be replaced
by two-qubit controlled gates. Specifically, by applying
5
lemma 6.1 of Barenco et al. [17], one gets UCCR(ϕ) =
U
(13)
CR (ϕ/2)U
(12)
CNOTU
(23)
CR (−ϕ/2)U (12)CNOTU (23)CR (ϕ/2), which
is given in terms of the CNOT gates and two-qubit con-
trolled Z-rotation gates UCR(ϕ) = I4 + f(−ϕ)|10〉〈10|+
f(ϕ)|11〉〈11|. Moreover, UccR(−ϕ) can be replaced by
σ
(1)
x σ
(2)
x UCCR(−ϕ)σ(1)x σ(2)x .
V. CONCLUSION
We proposed a 1→ 2 quantum cloning machine of an
input qubit state assuming a priori information of |〈σz〉|
(or, equivalently, sin θ). We refer to this machine as the
mirror phase-covariant cloner by contrast to the standard
phase-covariant cloner of an input state with a priori in-
formation of 〈σz〉 (or θ). We found analytical expressions
describing the cloning transformation and fidelity of the
clones. Applying a generalized method of Fiura´sˇek [7],
we derived and solved extremal equations for the opti-
mal cloning transformation, which provides lower fidelity
than that for the optimal phase-covariant cloner [8]. This
is because our transformation was derived assuming less
knowledge about the state to be cloned. Nevertheless,
our cloning machine for the whole range of θ provides fi-
delity higher
(
exceptθ = π/2± [π/2− acos(√3/3)]) than
the fidelity F = 5/6 of the universal cloner [4, 5]. The fi-
delity of those optimal cloning machines (see Figs. 2 and
3) can be used as thresholds for secure quantum com-
munication and quantum teleportation [18]. Finally, we
proposed quantum circuits as an implementation of the
optimal cloning transformation and suggested a physical
realization in a quantum-dot model Imamog¯lu et al. [15].
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